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Abstract. In this paper we shall present a certain type of exact solutions for the two 
nonlinear equations by making an ansatz for the solution. 

As we all know, nonlinear phenomena are very important in various fields of science, 
especially in physical sciences. One must solve nonlinear equations to get a knowledge 
of the system [1,2], but the methods are very few and have some constraints. The 
inverse scattering method [3] and the Hirota method [l] are two successful methods, 
but in some cases [ l ,  21, they cannot do very well. Here we shall make use of the 
property of hyperbolic functions to obtain exact solutions directly. 

The first equation we deal with is as follows [l]: 

U, + a vu, + p U,, + 6 U,,, + yu,,,, = 0. (1) 

Equation (1) can be seen as the extended Burgers equation, where a, p, S and y are 
parameters. In [ 11, Kazuhiro has written it in Hirota’s trilinear form, but he could nc 
give the explicit solution of equation (1). 

Here we look for the travelling solutions of equation ( l) ,  that is we assume that 

U(X,  t ) =  U ( x - A t ) =  U ( [ )  (2 
where A is the velocity to be determined. 

Integrating equation (1) and taking equation (2) into consideration, we get 

-A U + U’ + p Ut + 8 Ut, + yUg6 + CO = 0 (3) 

where CO is the integration constant, which we take to be zero, 
According to the relation of the derivative of the hyperbolic function and the 

function itself, we know that the nonlinear term and the derivative term can be balanced 
for some appropriate algebraic combination of the hyperbolic function. To the equation 
( l ) ,  we make the ansatz 

m 
U = ai (tanh ~ 5 ) ~  

i = O  
(4) 

where the integer m, a,(i = 1 , .  . . , m) and ,U are parameters to be determined. 
The requirement that the highest power of the function tanh(&) for the nonlinear 

term &u2 and that for the derivative term yu, must be equal gives the following 
relation: 

2 m = m i - 3 .  ( 5 )  
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Thus we know that m = 3 and equation ( 4 )  can be written as follows: 

U = a,+ a, tanh pc+ a2 tanh' p [ +  a3 tanh3 pt. ( 6 )  

Inserting equation ( 6 )  into equation (3 ) ,  we get the following parametric equations by 
equating the same power of tanh p t :  

6 0 a 3 y p 2 - ~ a a : = 0  ( 7 )  

24a, y p 3  - 12Sp2a3 - ( ~ ~ 3 a 2  = 0 ( 8 )  

- a3( 1 14 y p 3  - 3pp) + 6 y p 3  a, = 66p2a2 + $a ( 2a1 a3 + a:) ( 9 )  

18Sp2a3 - 26p2a ,  - u2(40 y p 3  - 2 p p )  = $a(2a1a2+ 2a0a3) - ha, (10)  

-6Sp2a3+(16yp3-2pp)a2+26p2al  -aaoa l+Aa ,  = O  (12a )  

6 yp3a3  + 26p2a2 - (2  y p  - pp )a ,  + $aai - hao = 0. (12b )  

a3(60yp3 -3pp)+ 86/.~'a,-8 y p 3 a 1  = t a (a :+2uoa2)  - h a 2 - p p u l  (11)  

From equations (7)-(12),  we get 

a3 = 120yp3/a  

a2 = - 1 5 6 p 2 / a  

a, = (120 x 114 y p 3  -360pp  +22.5S2p/ y ) / ( - 1 1 4 a )  (15)  

3 0 ~  114/.1,~py-960~ 1146y2p4 
U,=-  26p2- 

a ( 120x 114y2p2-360py+22.5S2 

30 X 114ypp' - 960 X 1 1 4 6 ~  p 

* { ( 2sp2-  120 x 114y2p2-360py+22.5S2 

1 
114 

7 2 0 ~ ~ p ' - 3 0 6 ~ p ~ + -  (2 y p 3  - p p )  

22.5s 'p ) ] ]112 - 2 
Y a 

120 x 114yp3 - 360pp +- 

54'8437564) ( 1800py3 - 112.5 y2a2)- '  
3780 1113.75 

p 2 = (  - P  114 Y -7 S2PY+ 114 

3 0 ~  1146p22py -960~  1146y2p4 
120X 114y2p2-360py+22.5S2 

A = aa,-26p2+ 

and one constraint equation for the parameters p, y and 6 :  

B lpy6"+  C, ~ ~ 8 ' ~  + D, y4a8 + E l y  2 2 8  p 6 + F,P y3S8 

+GI y3p3S6+ H1py3S6+  11p2y4S6+J1p4y4S4+ KIP 2 6 4  y 6 

(19) 
+ ~ , p ~ ~ ~ s ~ +  ~ , p  4 6 2  y s + N , P  3 7 2  y 6 + p 1 p 5 y 7 +  ~ ~ p ~ y ~  = 0. 
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Here A,, B1,.  . . , Q, are given as follows: 

A,  = -ZMB+ Q M ~  (20) 

Bl =2QLM + Z ( M A -  L B )  (21)  

C ,  = SM’- J (22)  

D1 = - PM2 - H M B  (23) 

E ,  = Q ( L 2 + 2 K M )  + I( L A  - K B )  (24)  

Fl = -B2E + J (  M A  - L B )  - G M B  + NM2+2SLM (25) 

G,  = IKA+2QKL (26)  

HI = H (  M A  - L B )  - 2PLM (27) 

J1= B2D+2ABE + G ( M A -  L B ) +  J ( L A -  K B )  - FME + 2 N L M  + S ( L 2 + 2 K M )  (28)  

J , =  Q K ~  

K , =  H ( L A -  K B )  - P( L2+ 2 K M )  

L1= 2SKL+ N (  L2 + 2 K M )  + J K A  + G ( L A  - K B )  + F (  M A  - LB)  

-A2E + B2C -2ABD 

M I  = A 2 D - 2 A B C  + F ( L A -  K B ) +  G K A + 2 K L N  + S K 2  

N1 = H K A  - 2PKL 

P, = A 2 C  + FAK + N K 2  

Q1=-PK2.  

The quantities A, B, . . . , S are numerals, which are given as follows: 

A = 1800 

C =  

B = 112.5 

D =  
-360 X 23 760 

1 142 
25 272 000 

1 142 

215 662.5 -2 332 800 
1 142 114 

F =  

H = -21 600 

E =  

G = 907 200 

I=- J =  
22S3 22.5 x 12 780 

2 x  1142 114 

3780 K = -  
114 

54.843 75 
114 

M =  

P = 13 132 300 

S = 1 379 700. 

-1113.75 
114 

L =  

N = 2 073 600 

60 x 22S2 
Q =  114 
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Thus we obtain one exact solution of equation ( 1 )  that cannot be obtained by 

The second equation we deal with is from [ 2 ] ,  and it can be written as follows: 
Hirota’s method in [ l ] .  

A:[2HrA2(1 -+A2)] 
=yoA2[ 1 + 271 a2y0 - V2/4y0  - (A2/2)(  1 + 47/ y0cy2) + ( ~ / 2 y O a ~ ) A ~ ] .  

(45) 
In [2] ,  one exact solution for the case r=O, when r#O, was found and no exact 
solution of equation (45).  Making use of the property of the hyperbolic function, we 
obtain one polariton solution in an analytic form for the case T # 0. 

Let 

A ~ =  B. (46) 
Then equation (45) will become 

27 v2 27 
B:( 1 + 2 rB - rB2) = 4 yo B2  1 + - -) - 2 yoB3 ( 1 + 4) + B4 ( ff Yo 4yo Yocy cy 

then we assume that 

1 
a + b cosh p[ 

B =  

(47) 

where a, b and p are the parameters to be determined. Inserting equation (48) into 
equation (47) ,  equating the same power of cosh p[, we get the following parametric 
equations : 

b 4 ( 4 y 0 + 8 ~ / a 2 -  V’)= b2p2  (49) 

b2p2(2ab+2rb)= 

-b2p2(2rb+2ab) = 

-b2p2(a2- r+2ar )=  

From equation (49) to equation (53),  we have 

p’ = 4y0 + 871 a 2  - V 2  

a = r + 7  yo+- 
P ( :;) 

2r b2=-5a2+2ra+ 

and the two constraint equations for the parameters r, yo ,  V and cy 

( 5 3 )  

(54) 

( 5 5 )  
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= [ p2a4 + 2 7 - ( 2 yo + 3) .3] ( 7 - a 2  - 2 7a ) - 1. 

Therefore, we obtain an exact solution of equation (47). In fact the ‘bell’ form solution 
of (48) is just a polariton. We show this as follows: 

a = (1 + tanh’ &5)/4p tanh &&, 
6 = 1/2p sinh pt. 

(59) 

(60) 
The solution of equation (48) can then be written as follows: 

B = p[tanh 8t+ to) -tanh i p (6  - to)] 
where p and to are given as follows: 

p = *1/(4b2 - a2)”’ 
5, = p-’ sinh-’ b / 2 p  

Therefore, we finally obtain 

When T tends to zero, one can easily show that the solution of equation (64) comes 
back to the solution obtained in [2]. Thus we obtain one exact polariton solution for 
some non-zero 7 that is constrained by equations (57) and (58). 

Following the same definition as that in [2], we may get the magnetization M and 
magnetic moment P of the polariton solution of equation (64): 

where 

a, =2a - 1 6, = 26. (67) 
One can see from the above that if we make some constraints on the parameters 

of the system, to some certain type of nonlinear equation such as in this paper, we 
can get some exact solution of the equation with the simple combination of the 
hyperbolic function. 
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One direct extension of this method is to apply it to the type of coupled nonlinear 
equations that always appear in real systems [4-61. In a subsequent paper, we shall 
deal with some coupled nonlinear equations, and find that the solutions of the coupled 
nonlinear equations are richer than those for a single equation. 
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