IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Exact solutions for two nonlinear equations. |

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1990 J. Phys. A: Math. Gen. 23 3923
(http://iopscience.iop.org/0305-4470/23/17/021)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 08:56

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/23/17
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 23 (1990) 3923-3928. Printed in the UK

Exact solutions for two nonlinear equations: I
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Abstract. In this paper we shall present a certain type of exact solutions for the two
nonlinear equations by making an ansatz for the solution.

As we all know, nonlinear phenomena are very important in various fields of science,
especially in physical sciences. One must solve nonlinear equations to get a knowledge
of the system [1, 2], but the methods are very few and have some constraints. The
inverse scattering method [3] and the Hirota method [1] are two successful methods,
but in some cases [1, 2], they cannot do very well. Here we shall make use of the
property of hyperbolic functions to obtain exact solutions directly.

The first equation we deal with is as follows [1]:

Ul+aUUX+BUXX+6U¥XX+‘)/UXXXX:()' (1)

Equation (1) can be seen as the extended Burgers equation, where a, 8,  and v are
parameters. In [1], Kazuhiro has written it in Hirota’s trilinear form, but he could not
give the explicit solution of equation (1).

Here we look for the travelling solutions of equation (1), that is we assume that

Ulx,t)=Ux =)= U(¢) (2)

where A is the velocity to be determined.
Integrating equation (1) and taking equation (2) into consideration, we get

—AU+3aU+ BU, + 8U, + yUpee+ Cp =0 (3)

where C, is the integration constant, which we take to be zero.

According to the relation of the derivative of the hyperbolic function and the
function itself, we know that the nonlinear term and the derivative term can be balanced
for some appropriate algebraic combination of the hyperbolic function. To the equation
(1), we make the ansatz

U= § a; (tanh pé)' (4)
i=0

where the integer m, a;(i=1,..., m) and u are parameters to be determined.

The requirement that the highest power of the function tanh(ué) for the nonlinear
term jau’ and that for the derivative term yu,, must be equal gives the following
relation:

2m=m+3. (5)
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Thus we know that m =3 and equation (4) can be written as follows:

U = a,+ a, tanh u&+ a, tanh® u& + a; tanh® pé&

(6)

Inserting equation (6) into equation (3), we get the following parametric equations by

equating the same power of tanh u¢:
60a;yu’ —taai=0
24a,yu’ —128u’a’ — aa;a, =0

—a;(114yu’ ~3Bu) +6yu’a, =68u’a, +ia(2a,a,+ a3)

188u2a, —26u’a, — ay(40yu® ~2Bu) =3a(2a,a,+2a0a;) — Aa,

‘13(60‘)’#3 =3Bu)+ 85p2a2 - 87’#3‘11 = %a(‘ﬁ*‘zaoaz) —Aa,— Bua,

—68u’as+ (16yu’ —2Bu)a,+28u’a, — aapa, + ra, =0
6yu’as+28u’a, — (2yu’—Bu)a, +iaa2—Ara,=0.
From equations (7)-(12), we get
a;=120yu’/a
a,=-158u’/
a;=(120x 114yu>-3608u +22.56°u/v)/(—114a)

2 —3<25 2_30><114u23y—960x114572,u,4>
o A 120 1147217~ 3608y + 22.56°

[23

2 _ 2 4\2
i{(26“2_3%114y;32M2 960 x 1148y )
120x 114y°u?— 3608y +22.58>

1
"2[720‘)’2#«6_3052#4"'_ (Qyu’~-Bu)

114
22,562\ 1) 2
x (120x 114> - 3608w + “)]} 2
Y o
3780 1113.75 54.843758"
=\ T B - *By+ 3_ 252y-1
# (114 [TV ATV )(180037 112.5y%67)

30x 1148u°By —960x 1148y u*
120 x 114y u* - 3608y +22.58>

A= aao_25M2+

and one constraint equation for the parameters 8, v and §:
A8+ B\By8'"+ C1y?8'°+ D, y*8° + E,y* B8+ F, By°8"

+G, ¥y’ B8+ H,\By 8%+ I,87y* 8%+ J,B%y*6% + K, B2y°5*

+L,B%y° 8%+ M,B*y°87+ N8’y 8°+ P.B°y" + QiB*y* =0.

()
(8)
©)
(10)
(11)
(12a)
(12b)

(13)
(14)
(15)

(16)

(17)

(18)

(19)
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Here A, B, ...
A,=-IMB+ QM?
B,=2QLM +I(MA-LB)
C,=SM*-J
D,=—-PM?- HMB
E,=Q(L*+2KM)+I(LA—-KB)
F,=-B*E+J(MA~LB)—- GMB+ NM*+2SLM
G,=IKA+2QKL
H,= H(MA~LB)-2PLM
Ji=B’D+2ABE + G(MA—LB)+J(LA— KB)— FMB+2NLM + S(L*+2KM)
Ji=QK?
K,=H(LA-KB)-P(L*+2KM)
L,=2SKL+ N(L*+2KM)+JKA+ G(LA-KB)+ F(MA—-LB)
-A’E+ B*C -2ABD

, Q, are given as follows:

M,=A’D-2ABC+F(LA-KB)+ GKA+2KLN + SK*
N,=HKA-2PKL
P,= A’C + FAK + NK?
Q,=~PK?
The quantities A, B,..., S are numerals, which are given as follows:
A =1800 B=1125
C= -360x23 760 _ 25272000
114° 114’
E=215 662.5 _ 2332800
114° 114
G =907 200 H=-21600
_ 225" _225%12780
2x 1147 114
_3780 L= -1113.75
114 114
54.843 75
=Tz N =2073 600
x22.5%
P=13132300 Q=6—0——1—12‘f—5—
S§=1379700.
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Thus we obtain one exact solution of equation (1) that cannot be obtained by
Hirota’s method in [1].
The second equation we deal with is from [2], and it can be written as follows:

A3[2HTA*(1-3A%)]
=y A[1+27/a’yo— V/ 4y~ (A%/2)(1+ 47/ ya®) +(7/270a) A%].
(45)
In [2], one exact solution for the case 7=0, when 7#0, was found and no exact
solution of equation (45). Making use of the property of the hyperbolic function, we

obtain one polariton solution in an analytic form for the case 7 # 0.
Let

A’=B. (46)
Then equation (45) will become
2 V2 4 2
B§(1+2TB—732)=4yOBZ<1+ - ——)—2y033(1+ 72)+—ZB4 (47)
a‘vyy 4y Yo o
then we assume that
1
TN 48
a+b cosh u¢ (48)

where a, b and u are the parameters to be determined. Inserting equation (48) into
equation (47), equating the same power of cosh u¢, we get the following parametric
equations:

b*(4y,+871/a’— V) = by’ (49)
8
b2,u2(2ab+27'b)=<4yo+——z— vz) 4ab3—-<2yo+§-§) b* (50)
o o
2 2, 2 2 87 2 2.2, 2T 87 2
bu‘(a—r+2ar—5b%)= 4'y0+?—V 6a‘b +?b - 2y0+? 3ab (51)
8
—b*u*(27b+2ab) = <4y(,+—§— V2) 4a3b+47‘;b—(2yo+8—§) 3a’b (52)
[44 29 (43
2
—bz,u,z(az—-7-+2a7-)=(4'yo+gg—Vz) a4+2n: —<2~y0+§’£) a’. (53)
o [24 o
From equation (49) to equation (53), we have
w=4y,+8r/a*— V? (54)
1 47
a=7+; 70+;2- (55)
b2=—5a2+27'a+('y0+é—72-> -6-22—%—-7 (56)
a’/ u a‘u

and the two constraint equations for the parameters 7, y,, V and «

w’(2ra —5a2-—7')—-2-§+3 (2'yo+-8—;) a
o

=[3(2‘y0+8—2) az—%~4a3u2] [2(a+7)]" (57)

a
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2 8
w’(2ra—5a°—1) -—(—;2-+3 (2'y0+a—72.> a

8
=[/.L2a4+27—<2y0+—:> a3:|(7--a2—27a)_‘. (58)
P

Therefore, we obtain an exact solution of equation (47). In fact the ‘bell’ form solution
of (48) is just a polariton. We show this as follows:

a=(1+tanh®$ué)/48 tanh $ué, (59)
=1/28 sinh up&. (60)

The solution of equation (48) can then be written as follows:

B = B[tanh 3(£+ &) —tanh 3 (£ — &)] (61)
where 8 and &, are given as follows:

B=x1/(4b*>-a*)'"? (62)

&=pn""sinh™' b/28 (63)
Therefore, we finally obtain

1/2

A= VBt ) —iltanhluer f) —anhbu(e- ) (64

When 7 tends to zero, one can easily show that the solution of equation (64) comes
back to the solution obtained in [2]. Thus we obtain one exact polariton solution for
some non-zero 7 that is constrained by equations (57) and (58).

Following the same definition as that in [2], we may get the magnetization M and
magnetic moment P of the polariton solution of equation (64):

S S
M=_°J’A2dx=__cj’¢_
« a ) a+bcosh uf
2 a+b+(a’=b3)"?

(a®- )1/21 a+b—(a’=b?)"

S
a
2 ., a\S.
2_ 1/2 3 225 == b*> qg?
(b a) u(b*—a’) b/ a

_S. ,V o1
P= J v dt= aJ AT arn %

(65)

2 a,+b,+(a?-bH)?

B "
a 2a—-1+2b cosh wué¢
Vv

In a’>b?
2 N1/2 3 1 1
al_bl)/ a,+b, - (al )1/

Se

o

S, T 2 a

__SV _ : —1_1_> 2< 2
a (u(b?—af)”z w(bi—ay o g, ai<bi

(66)

where
a1=2a—1 b1=2b (67)

One can see from the above that if we make some constraints on the parameters
of the system, to some certain type of nonlinear equation such as in this paper, we
can get some exact solution of the equation with the simple combination of the
hyperbolic function.
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One direct extension of this method is to apply it to the type of coupled nonlinear
equations that always appear in real systems [4-6]. In a subsequent paper, we shall
deal with some coupled nonlinear equations, and find that the solutions of the coupled
nonlinear equations are richer than those for a single equation.
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